We exploit analytic continuation to prolongate to the region of real chemical potentials the (pseudo)critical lines of QCD with two degenerate staggered fermions at nonzero temperature and quark or isospin density obtained in the region of imaginary chemical potentials. We determine the curvatures at zero chemical potential and quantify the deviation between the cases of finite quark and of finite isospin chemical potential. In both circumstances deviations from a quadratic dependence of the pseudocritical lines on the chemical potential are clearly seen. We try different extrapolations and, for the nonzero isospin chemical potential, confront them with the results of direct Monte Carlo simulations. We also find that, as for the finite quark chemical potential, an imaginary isospin chemical potential can strengthen the transition till turning it into strong first order.
Introduction
The determination of the QCD phase diagram in the temperature-quark density plane is becoming increasingly important, due to its impact in cosmology and in the physics of compact stars and of heavy-ion collisions. The first-principle nonperturbative approach of discretizing QCD on a space-time lattice and performing numerical Monte Carlo simulations is plagued, at nonzero quark chemical potential, by the well-known sign problem: the fermionic determinant is complex and the Monte Carlo sampling becomes unfeasible. Analytic continuation is amongst the possible alternatives to solve (approximately) the sign problem [1] [2] [3] . It consists in performing Monte Carlo simulations at imaginary chemical potential µ = iµ IM : where there is no sign problem. The results obtained at imaginary chemical potential are then analytically prolongated (µ IM → −iµ) at real values of the chemical potential. There are however limitations due to ambiguity in the interpolation and nonanalyticities and periodicity [4] , so that reliable estimations are expected only for Re(µ)/T 1, where T is the temperature.
In previous works [5] [6] [7] we have studied the analytical continuation of the pseudo critical line in the case of SU(2) with n f = 8 staggered fermions and finite quark density and SU(3) with n f = 8 staggered fermions and finite isospin density. It was found that the nonlinear terms in the dependence of β c on µ 2 in general cannot be neglected and that the extrapolation to real µ may be wrong otherwise. We have also studied [8] SU(3) with n f = 4 staggered fermions and finite quark density. In this case we observed deviations in the pseudocritical line from the linear behavior in µ 2 for larger absolute values of µ 2 and we saw that there are several possible extrapolations to real µ that are in agreement with each other up to µ/T ≃ 0.6.
In the present study [9] we consider two-flavor QCD in presence of a quark or an isospin chemical potential in the standard staggered discretization for fermion fields, whose partition function, in the standard staggered discretization for the fermion fields, reads
In Section 2 we present results on the analytic continuation of the critical line, T c (µ) from imaginary to real µ in the case of a finite isospin chemical potential µ iso , where simulations are available for both imaginary and real µ iso and on the analytic continuation of the quark chemical potential µ q . In Section 3 we make a comparison between the two theories at finite µ q or µ iso , quantifying systematic differences for quantities like the curvature of the pseudocritical line at zero chemical potential. In Section 4 we study the nature of the transition as a function of the isospin chemical potential.
Analytic continuation of the pseudocritical line
We performed numerical simulations on a 16 3 × 4 lattice (apart from some special cases where we varied the spatial size to investigate the critical behavior) for bare quark mass am = 0.05 corresponding to m π ∼ 400 MeV. We used the Rational Hybrid Monte Carlo (RHMC) algorithm, properly modified for the inclusion of quark/isospin chemical potential. Typical statistics have been around 10k trajectories of 1 Molecular Dynamics unit for each run, growing up to 100k trajectories for 4-5 β values around the pseudocritical point, for each µ 2 , in order to correctly sample the critical behavior at the transition. The pseudocritical β (µ 2 ) has been determined as the value for which the susceptibility of the (real part of the) Polyakov loop exhibits a peak. In fig. 1 (left) the data for the pseudocritical coupling versus (µ iso /(πT )) 2 are shown. To interpolate these values we can exploit the ratio of polynomials:
The fit to all data requires (see fig. 1 ) at least a ratio of fourth order to second order polynomial (ratio (4,2) fit) and gives a χ 2 /d.o.f. = 0.6. If we consider data with (µ/πT ) 2 ≥ −0.375 2 a linear (in (µ/πT ) 2 ) polynomial works quite well (χ 2 /d.o.f. = 0.95), contrary to our previous findings for other theories [5] [6] [7] [8] where nonlinear corrections are more important for imaginary values than for real ones. The interpolation to only imaginary (µ iso /(πT )) data using a atio (4,2) fit gives a χ 2 /d.o.f. = 0.49. We have also interpolated imaginary isospin chemical potential data using the implicit relation between β c and µ 2
and the following interpolating function ("physical" fit) given in terms of the physical units x ≡ µ/(πT ) and T /T c (0),
with T = 1/(N t a(β )), we also get a very good χ 2 /d.o.f. = 0.53 and a corresponding prolongation to real values that works quite well (see fig. 2 left). Another quite good interpolation of imaginary isospin data is attained by means of a sixth-order constrained polynomial fit, where the coefficient of (µ/(πT )) 2 is fixed at the value derived from a linear (in (µ/(πT )) 2 ) fit at small imaginary chemical potential data. In fig. 2 (right) the extrapolations to real isospin chemical potentials together with results from simulations at real values are shown. We can see that several extrapolations agree up to µ/(πT ) 0.2. Therefore we may conclude that different interpolations that well reproduce imaginary data, lead to distinct extrapolations (as we have seen [8] for n f = 4 SU(3)). Moreover we observe that in the case of isospin chemical potential the ratio of polynomials is preferred, but we cannot claim this is the interpolation to use for analytic continuation since systematic differences between finite quark density and finite isospin QCD cannot be excluded.
The curvatures of the critical lines
To obtain the curvatures of the critical line at µ = 0 ((dβ c (µ 2 )/dµ 2 )| µ=0 ) for isospin and quark chemical potentials respectively, we tried a common fit to all data we have collected for the critical couplings at quark chemical potential and isospin chemical potential (in the latter case we included also data at imaginary values):
We included in the fit as many data as to have a reasonable χ 2 /d.o.f. and we obtained: a q = −0.3997(87), a iso = −0.3606(67), β c (0) = 5.32370(57) with a χ 2 /d.o.f. = 0.93. Therefore we can conclude that the curvatures of the critical lines respectively for isospin and quark chemical potentials differ up to 4 standard deviations. By expressing the curvatures in terms of dimensionless quantities [11] T c (µ q , µ iso ) where β L = a
∂ a is the 2-loop lattice beta-function, we get R q = −0.515 (11) and R iso = −0.465(9) in agreement with Refs. [10, 12, 13] . Therefore:
This could be the first evidence of the O(1/N 2 c ) difference between the two theories at small chemical potential [14] [15] [16] [17] .
Order of the phase transition at imaginary chemical potentials
The phase structure at finite T and imaginary chemical potential may be important of its own and teach us something about the nonperturbative properties of QCD also at zero and small chemical potential. The phase transition at the Roberge-Weiss endpoint could in principle have influence also far from the endpoint. For n f = 2 the Roberge-Weiss transition is first order for small and high quark masses and second order for intermediate quark masses [18] . In the present study we have am = 0.05 so that we expect a second order Roberge-Weiss phase transition (at µ IM /(πT ) = 1/3) in the case of the quark chemical potential. On the other hand we expect that imaginary isospin chemical potential may strengthen the transition as an imaginary quark potential does: a first-order transition could be manifest along the pseudocritical line (even for our quark mass value am = 0.05). In fig.5 (left) we display the normalized plaquette distributions at the pseudocritical coupling for different spatial lattice sizes (L s = 12, 16, 20) , while in fig.5 (right) we can see the maxima of the plaquette susceptibility that scale linearly with the spatial volume. Therefore we conclude that for n f = 2 staggered fermions of mass am = 0.05 the transition is first order at µ iso /(πT ) = 0.475i and there is possibly a critical point along the line at some smaller value of µ iso /(πT ). Such non-trivial behavior resembles what happens for quark chemical potentials [18] [19] [20] [21] and may have consequences on the general structure of the QCD phase diagram.
